This paper presents out-of-plane behavior of circular arches subjected to lateral loads. The arches are analysed by dividing it in three components (two arch ribs and a lateral bracing system) and by solving the elastic differential equations for them with the aid of the Laplace transformation method. In relation to interaction of flexural rigidity of cross beam, torsional rigidity of arch ribs and warping rigidity as a whole cross section of the arch, the effect of biaxial flexural rigidity of individual arch ribs on their out-of-plane behavior is chiefly investigated. The effect of end-supporting conditions of the arches is also discussed.
INTRODUCTION
Several investigations dealing with the out-ofplane behavior of arches have already been conducted. S. Okamoto1) studied the out-of-plane behavior of circular arches neglecting the warping rigidity.
P. Donald and W. Godden2) gave a solution dealing with the out-of-plane behavior of a single arch rib by a numerical forward integration method. One of the authors') already presented some results to the out-of-plane be havior of this type of arch subjected to a uniformly distributed lateral load.
In the previous paper, the effect of the biaxial flexural rigidity of individual arch ribs is neglected. Even if two arch ribs have themselves high torsional rigidity, an arch composed of single lateral bracing and cross beams with low flexural rigidity or connected with pins, is not able to be expected its torsional rigidity to the out-of-plane , i.e., the whole cross section of the arch is twisted by the difference between the vertical displacements of two arch ribs and the flexural rigidity of the arch ribs has no effect on the torsional rigidity of the ribs. The out-of-plane deformation of arches, however, occurs in a coupled action of its bending and twisting by reason of its curvature. Therefore, the torsional rigidity of the individual arch ribs is subjected to the influence of lateral bending.
From this point of view, the effect of the interaction between the torsional rigidity and the outof-plane flexural rigidity of arch ribs on the bending moment, the torsional moment and the lateral deformation of the ribs are calculated and examined, respectively.
The analysis adopted is performed by representing the arch by circularly curved beams connected each other by a rigid lateral system and flexural cross beams and by solving the elastic differential equations for them with the aid of the Laplace transformation method. The analysis in this paper is confined in the 1st order elastic one, so that the influence of the axial forces and in-plane loadings on the out-of-plane displacements of the ribs is disregarded here.
BASIC EQUATIONS ( 1 ) Formation of Equations
The equations of the elastic curve of an arch can be set up respectively for an arch axis and two arch rib axes, where the arch axis is expressed by a curved line joining the middle points of lines that connect the centroidal points of both cross sections of the arch ribs, and the arch rib axis is a centroidal axis of its cross section, respectively. These three basic differential equations are combined by the relation of the deformation and flexural rigidity of cross beams and expressed by Eqs. (2-12), (2-13) and (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) . ( 2 ) Assumptions
In this analysis, the basic equations are derived from the following assumptions: 1) Arch axis and two arch rib axes are circular. 2) Cross sections of arch ribs are constant along the entire arc's length and double symmetric, i.e., the elastic center and the shear center of a cross section of arch rib coincide with each other.
3) The effect of shearing deformation of the lateral bracing is neglected. 4) Cross beams connected rigidly with two arch ribs are distributed uniformly over the whole length of the arch. 5) Lateral loads act on the arch axis. 6) The analysis bases on the 1st order elastic one.
7) The influence of axial forces and in-plane loadings on the out-of-plane displacements of the ribs is disregarded. 8) The warping rigidity of individual arch ribs is neglected.
( 3 ) Equations for Arch Rib Axis An arch rib is represented by its axis. Fig. 1 shows the coordinates system and the displacements of its axis.
The reference axes pass through the shear center of a cross section of the arch rib; the X-axis is along the arch rib The bending moment acting on the ends of a cross beam is given (see Fig. 1 The arch studied in this paper is composed of two arch ribs connected each other by cross beams and lateral bracing.
For the arch like this type, two kinds of supporting conditions will be considered.
Namely one is that the cross section of the arch is fixed perfectly at the end supports (support type A) and another is that lateral deflection is fixed, however, the plane of the end cross section is free to warp (support type B). In this study, the following boundary conditions are taken up at the end supports.
Expressed mathematically, they are respectively
in which Therefore, the warping normal stress Jr is expressed as follows: in which e is the distance between neutral axis and the top or bottom surface of arch rib.
SOLUTIONS ( 1 ) Solution of Basic Differential Equations
The basic simultaneous differential equations Eqs. (2-12), (2-13), (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and the bending moment equation (3-1) will be solved by using the Laplace transformation method. From Eqs. (2-12), (2-13), (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and (3-1), the equations are rewritten as follows: It should be noticed that the effect of the torsional rigidity of the arch rib on the twist angle of a whole cross section of the arch appears more clearly for the case of the support type A (Fig. 7) than that of B (Fig. 8) . This results indicate The following conclusion can be described from the results presented in this paper. 1) Even if an arch has cross beams with low flexural rigidity, the arch having ribs with high flexural and torsional rigidity can be expected to have considerable out-of-plane resistance for the lateral deformation, according to the flxural rigidity of ribs.
2) The lateral deformation of arch for the case of support type A is smaller than that of type B, however, the stresses of arch ribs for the case of type A are larger. Especially for the arch having cross beams with low flexural rigidity and support type A, high stresses are produced near the end supports.
3) The out-of-plane behavior of an arch approaches that of an equivalent circular beam, as the flexural rigidity of arch ribs about the vertical radial axis decreases, and that of cross beams increases. 4) When the rigidity ratio l and the slenderness ratio p are large, arches should be analysed by the method presented in this paper. 5) For the case of support type B, as the central angle of arches increases, it may be reasonable to model the arches by an equivalent circular Table  3 instead of those in of n on ƒÀ-ƒÓ curve. Table 2 Table 3  Table 4 Table 5 
